Inter (Part-ll) 2018

Mathematics = Group-l ~ PAPER: i

Time: 2.30 Hours | (SUBJECTIVE TYPE) ~ Marks: 80 ‘
- SECTION-| -

2.

‘Write short answers to any EIGHT (8) questions:: (16)
- (i)  State sandwitch theorem.

m If 8 is measured in radlan then hm §_|_r(;_9 is always equal

to 1 which is called sandwntch theorem

(ii) Express the area “A” of a circle as a function of its
circumference “C". '

AnsZ Let 't' be the radius of the curcle A and G denote Area and -
cnrcumference of the circle, then i
A=mxré o (1)
C= 21: T S
& : _ | oy .
— 2
ol (2)

Put value of 'rin eq. (1)

c 2
A n(zn)
Q_.
4 2"

i) i) = {c g ’;f_1 ,find “c” so that lim_f(x) exists.

= A
4nc '

D we find left handlimit and right hand imit of f(x) atx = -1,

IMIﬂﬂ‘ Mn(x+m__1+2 1 | Y
llm LX) = hm (c+2)=c+2 ‘
X—>71 e n

If lim f(x) exists because . ,
x—>-1 . .
xllar-pl‘ o) = xllml"‘ fx)
1=c+2
1-2=c¢ .
o
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(;;)" Define differentiation.

X 1n an equation, if derivative of a dependent variable w.r.t
Independent variable exists. Then the precess of finding the
derivatives is called differentiation.

(v)  Differentiate (\E ~ -—-\ W.r.t X.

@Let y=( x-—:}—ﬂz

(vi) Fin_dj&ifxy+y2=0. r

Ansg xy+y2"'0
x(y)' + y(x)' + (y2)' =
x%i-+y(1)+2y—!‘0

dy _
xdx"'zydx'“y

(x+2y) =y

dy __ -y
dx Xx+2y

 (vii) Find%ify=x¢o$y.
m. -  y=Xcosy
gl"x(cosy)+cosy(x)
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R R R D e =Wy,

=X (-sin y)%ﬁ+ cos y (1)

=—xsiﬁy%¥+¢osy

d
Eﬁ+xslnygx=cosy

(1 +xsiny)g§=cosy

dy __cosy
dx ~1+xsiny

, il st v 8
(vil) - Prove that -~ (cos™ x)=\]1__—x2 X el=1,1).
Ans P y = cos™! x

CoS Yy = X
Differentiate w.r.t ‘X’

d%(cos y) ='g*(><)'

-smyaﬁ-
dy __ 1
dx  -siny
i ]
\1-cos?y
1

=== 2 for -1 <x<1
; V1-x2 ah
~(ix) Flnd—xlfy-xe*"”‘ |

Ans JEE y =xesinx

g}%.:f_x (X gsin X)

= x a. (esin X) + esin x .a% (x)

= x (e X cos x) + €5 (1) »
=eS"X(xcosx+1) -
(x) Define power series.
LY A series of the form a, +ax +a, x2 + a, X3 . a x" is
~ called a power series of function f(x) where a,, a,, a, ..... a_are
constants and.xs a variabfe.
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(ﬁnd extreme values for f(x)

=i@x—1 -0
f(x) = 2x -1
d

P00 = 285 () -2 (1)

-2(1) 0
- f'(x) =2
Let f(x)=0
2x-1=0

2 —

f'(x)=2>0
so f(x) has maximum value

at X=5.

' d
L ED F0) = g (K2 = g () - 5= @

: X
sinhy= 2
D|fferent|ate both sides
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3. Write short answers to any EIGHT (8) questions: (16)

(i) Find a)!( using differentials if xy — log, x = c.
m‘ - xy-log,x=¢

xy-Inx=c
‘ Differentlate W.rt° x

X 3 dx (V) +y5; dx (X) - dx (m X) (C)

dy
xdx+y(1)_
Q!_l
X dx -y
1 . “
, N _q!'_x_y_1 — Xy
S - k i dx_ x B ' xz

| (i) E#dl#ate'fhe integral].x_ +3-dx |
! Bt A : b,
| . 2, S - :
f ; Ansg B Ix+\2 dx | “ |
| N ‘ |

+2-2 " : -

: | = I - X+2 L \ = |
P IC::Z x+2)dx L \\ o
g s - =.-[[1 - (xf 2)] Bt \\ | \ \
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=I1dx—2fx+2dx
< =x-2In(x+2)+c

i 1
(i) Evaluate the integral I;{:;g . dx.

(iv) Evaluate the integral _[ X sin x cos x dx.
Ans 28 Ixsinxcos x dx

| = I x(sin x cos x) dx
Integration by parts,
sm2 J‘sm2

(1) dx

sin? x — 2 sin? x dx

sin? x —

(1_—'cos 2x) dx

L oLz iy

sin? x —

| 1 dx+%jcos_2x dx

O | sin 2x

lx+;sm2x+c

sin?

NIX NIX NIX NIX N|X X

@,

e
o
><
l

¢ (v)  Evaluate the integral I x? e . dx.
Ance = [x2 e . dx
5 _Integrating by parts
: f ax ax’
= [E=2x ) dx

x2 |
= zjeax xdx

Agaln integrating by parts |
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' ax ax
=Ee“*—§'[xe—a“-— 9—-(1)dx:|
x2 2(xe™ 1™
=""'—eﬂx ( a _Paz)'l"c

2 ox ax
e
='>-(—'em‘ 2)(? +23 + C
a a .

a h
...l ax | 2 .2_ .g.
Lo -2xs Bl v

3 sinx —-cos X
L3 ax
(vi)  Evaluate the Integral _[ e ( o ) dx.

. 3sinx cosX
m — eax( = -=3 dx
. sincx sin‘ x

' 3 cosx 1 )
= 3x . -— - .
) (sm X~ sinx ° sinx/.9%

| €% (3 cosec x — cosec x . cot x) dx

=3 [ % cosec x dx - [ €% cot x cosec X dx
Integrate the first integral by parts

= 3 cosec X . -3 I (—cot X cosec'x) dx

I e** cot x cosec X dx
"y
= cosec X,. e + 3 I“’j" cot x cosec x dx

| — [ e3* cot x cosec x dx
= e cosec X+ C

(vii)  Prove that ? f(x).dx = -T f(x) . dx.

a
BB r (0 =¢'()
where ¢ is an anti-derivative of f
So by using fundamental theorem, we get

I f(x) dx = ¢(b) - ¢(a)
= —[$(a) - ¢(b)]
T f(x) dx = -T f(x) . dx.

b ]
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| d
(viii) Evaluate the definite integral I o f 9"
3
dx
D ¥y
L g X3
=3lten 3l

= %[tan‘1 1 —tan™ Q]

i
12
(ix) Find the area bounded by cos function from x = —g
to x =9
Ansg Let y = COS X
l}z-
SO I y dx
—a/2
/2
= I cos x dx :
-2
= |sin x )
|-11!2
=i (3) - sin ()
< =1-(-1=1+1"
= 2 Sq. units
; . . . g! A
(x) Solve the dlfferential equation sin y cosec x dx 1.
Ans 2 | smycosec xa%
dy _ .
s""ysmxdm: 1.

Separating the variables
siny dy = sin x dx
Integrating both sides, we have

[ sinydy =] sinxdx
—COS y =—COS X + C
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(xij Define optimal solution and feasible solution.

(55 The feasible solution which maximizes or minimizes the
objective function is called the optimal solution. Each point of

feasible region is called a feasible SOIUUOH of the system of
Jinear inequalities.

" L e 3
(xif) Graph the region indicated by 4x -3y <12, x>

=
Ans  4x-3y<12

Putx =0, y =0, we have P(3, 0)(0, 4)

As xz—g ; x=i

2 2
-3
4(7) —-3y=12 |
2(-3)-3y=12 -
_6-3y=12
-3y=12+6
" 18
18
y=-6
P(-2, -6)

4.  Write short answers to any NINE (9) questions:

(i) Show that the points A(3, 1), B(-2,
' vertices of an isosceles triangle.

Ansg By using distance formula:
AB| =[x, ~ )2 + (y, - yo
=(-2 - 32 % (-3-1)2
=N(-5)2 + (-4)2 =25 + 16 =~[41 "

(18) -~ 2
=3) and C(2, 2) are
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BCI = [0y ~ X2 + (v, - y,)?
=V2+2)°+(2+3)
=42+ (5)2 =16 + 25 =~[41 .

ICAl=[(%, = X2 + (¥, - ¥,)?

=\(2-3)?+ (2~ 1)?

=12+ (1) =4[T+1 =42
So ° |AB|=|BC| -
As two sides of triangle are equal
So A, B and C are vertices of an isosceles tnang;e

- (ii) Find an equation of a line through the points (-2, 1)

, and (6, —4)
' ‘Y = ¥4
Ance Cy -y =2t x))

- By puttmg Values we have

i 1 . 6 _ (_2) (X‘— (_2))

y"1=6+52("“_’2)?'é§-(“2)
- Bly~1) =Py 10}
8y — 8 =-5x—-10.
5x+8y' 8+10=0
5x+8y+2=0

‘(ifi)  Find an equation of the line bleectmg the flrst and

third quadrants
Ans i passes through (0 0) having slope 1. The equation of
line bisecting the first and third quadrant is y = x.

(iv)  Find an equation of the line with x-nntefeept | 3 and
y —intercept : 4.

D a=-3, b=4
Xs¥Y_
atp=1 :
X ¥ iy o
3ty = = ~4x + 3y =12

(v) Convert 2x - 4y + 1= 0 mto siope intercept form.

OB ox+ 11 =4y
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(vi)  Write an equation of the parabola with focus (-1, 0),
vertex (-1, 2).
BN By using distance formula
\J (g = X2+ (y, - )2
=1 + 12+ (2-0)?
=V(0)? + (2 =/(2)* = 2
As focus is below the vertex. So, equation of parabola is:
(x = h)? = —4a(y - k)
As vertex = (-1,2)soh=-1,k=2
[x - (-1 =-4(2) (y - 2)
(x + 1) =-8(y-2)
x2+1+2x=-8y+ 16
xZ+8y+2x+1-16=0
X2+ 2x +8y-15=0
(vii) Find the focus and directrix of the parabola y=6x%-1.
Ans 2 y =6x% - 1

6x2-y+1
xz‘—(y+1)

Shift the origin to (0, -1)
Llet x=Xandy+1=Y
1

X2=gY (i) .
Compare equation (i) with X2 = 4aY .
1 | :
4aY = 5 Y - i
1 , |
48 2 6 )
gl
=04

As vertex (0, 0), so X=0; Y=0
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. x=0,y+1=0
y = - - = V(O, _1)
So focus is (0, a) _

-(020)

Here X =0, 25171
x=0y+ =§%
_1
y=24-1
23
~ 24
e 2
F(0. 24
Directrix: = -3
e | ’
y+1=24
W |
=241
-1 -24
24
_ =25
| Y"24 1
24y +25=0

(viii) Find an equation of the ellipse .with‘ centre (0, 0),
focus (0, -3), vertex (0, 4). , '

(Ansg As f(0,-c) so ¢c=3

- V(0,a) so a=4
c2 = 32 + b2
b? = a% - ¢?
b?=(4)2-(32=16-9
b2=7
Thus equaztion 2of ellipseis

¥
167 =1
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(ix) "Find the eccentricity and directrices of the ellipse

whose equation is 25x? + 9y? = 225.

XD 25 , 9

T +225y
iaad
9X T25Y
b2=9

2_.-__1

QO
n

(@
N
(1 T O T T | BT

Here

QO
N
8

©

c
Fociare (0,tc
Vertices are (0 +

c=ae
Directrices =y =

='i

(x)  Define unit vector.

JAnS A unit vector is defined as a vector whose magnitude is

N
. unlty Itis ‘written as v and is def:ned by v lVl

' 1
(xi) Finda unit vector in the dlrectlon of the vectorv =5

M

1..\8
Ly 272
Y2V
_1..B:
vEgite
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-

(xit)

to 2i - J+6k
ANS Y
v=2i-3] +6k
vl =V(2)% + (-3) + (6)?
\I4+9+36
=+/49
=
A_ N 2|—3J+6k
M7
Thus the required vector is:
R (2| 31+6k)
v=4 7
=8 12, 24,
L=wi="" "7k

(xiii)
3i+]j+akare perpendicular.

XD | ety =2i+0j+5k
u=3i+j+ak -

v itou.

v.u.=0"
(2i+0j+5k0).(Bi+j+ak)=0"
(2)(3) + (@)(1) +(5)(e) =0
6+6a=0 -
6o = -6

_ 6
.a——s-

a=-1

SECTION-II

NOTE: Attempt any Three (3) questions.

Find a vector whose magmtude is ‘4’ and is parallel

Find a scalar “o” so that the vectors 2i + aj + 5k and

{\/2x+5-—\fx+7 X =2
Q.5.(a) If f(x) = o x-2 o

'so that ‘f is continuous at x = 2.

find the value of k,

(S)
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- S i Tap—
. T W .- ——
P

(xn)
to 2i - 3j + 6k.
ANST
vE2- 3j + 0K
vl =/(2)7 + (-3) + (6)?
=4 +9 + 36
=\
=7
AN 2 -3+ 6k
YT 7
Thus the required vector is:

- (21 3J+6_k_)
V=4 7

o B 18
!"‘7]"

I

(xiii)
3i +J + ok are perpendlcular

ENB Lety = 2j+ of + 5k,
u=3i+j+ak

(21+aj +5k0) (3i+]+ak) =
(2)(3)+( )(1) + (5)(a) =
6+6a=0

Ba = -6

104

]
I
(][}

a=-1

SECTION-II

NOTE: Attempt any Three (3) questions.

Find a vector whose mngnlludo is ‘4" and Is p.xr allel

Find a scalar “o” so that the vectors 2j + od + 5k and

V2X+5-\x+7 y .2
X -2 ;
K x=

Q.5.(a) If f(x) = {

so that ‘'f" is continuous at x = B

" find the value of ’

(5)
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VX +5-4/x+7 y.
m'Iil'g{f(x)-‘- x=2 :

i .

| Kk : X=2 4
f(2) =k '

Lim x) = Lim y2x+5-+/x+ 7
X—2 X— 2 X -2

_ Lim 2x+5-+/x+7 -\}2x+5+\fx+
X2  (x=2) 2x+5+yx+7

'-___ Lim (\[2x + 5)2 — (\(x+ 7)2 '
X=>2(x-2)(2x+5+x+7)

Lim 2Xx+5-x-7
X-+2(x—2)(\f2x+5+-s,[x+7)
Lim (x - 2)

"X 2(x- 2)(\!2x+5+\/x+7) .
Lim 1 1 '
*"2(\(2x+5+\li+7) xl2(2)+5+\(2+7,

1

~3+3

L -—
x—>2f(x)

‘fis contlnuous.so '

Li
f2) =, )
!

~6

~(b) Show thaty = x* has maximum value at x =jé . (5)

Ansg y =xX |
Taking ‘log’ on both sides, $
Iny=In (x¥ '
=X ln X

leferentuatmg w.r.t, ‘X’

(Ixy) d (x.!nx)

1dy
y dx

=X, "'+1nx(1)
=1+/nXx
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_g_y_ y(1+Inx)l
_ = XX (1 + In X)
x"(1+lnx) 0
1+Inx=0 :
Ine+/inx=0 | " (1=Ine)
‘n(e.xX)=0 . R
In(e.x)=In1 (.-0=min1)
e.x=1 =

_1
A e

Again differentiating w.rt X

d(dy\_d
(@) =k 001 + )

gxz-f—x(x") (1+1nx)+x" (1+Inx)
-x"(1+lnx)(1+Inx)+x"(0+—)
=x* (1 +1n x)? + x* (;)
= xX [(1 +In x)% + '3(-]
.'118[(1+In1)243—}—é-] _

;)
&
1 1le
'=(g) [(1+Mm1-Ine)?+e]
1 ;s
e
1

. g 4" 1
So y has maximum value at x = R
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LI TIPS~ T P, Bt S

Q. G (Q) Evaluate I e cos 3x dx.

ANS N j @*X cos 3x dX
!ntcgl ﬂtmg by parts,
sin 3x ¢ sin 3x
1= o2, S50 L [R52 0% (2) dx
=§-‘D§Q¥-e‘“ -—I sin 3x . @ dx

e N

= @™ =3 3jez“sm 3x dX

_ o Sin3x 2 ~COS 3X [ (=€08 3X) oy 1y
".'e"x‘ 3 “3[\32)‘ 3 ".[( 3 )6\((2)&(
1

2 (-Cos3X o
=3 e sin 3x + g e cos 3x + 3 _[ —9——3—* . @°% (2) dx
-1 J

' ‘ 4
e*X sin 3x + % @?X cos 3X — gf @?* cos 3x dx
‘ | 4
e sin 3x +%ez" cos 3x-gl+ c

o2 2 x
l*-g-l-de sin3x+ge cos 3x +C

(149
(57

2
e sin 3x *+ 3 2% cos 3x *+ ¢

Bas (D!-:h

+
(Dr4
9

g

—————

{eo

| =2 B 8N 3x+ge2"cos 3x+cC

(o)

3
et
.—_--13-’- 2X sin 3x+gez"cos S + C
L o
3
9

2 9
I 13(;62)‘ sin 3x+592“cos 3)() +93¢C

- - e 1, 4) are

he three points A(7, -1), B(-2, 2) and C(

i Ionsecutlve vertices of a parallelogram, find the
fourth vertex. (5)

LGB Let (x, y) be the coordinates of vertex D,
As ABCD is a parallelogram. So, AB = CD and the slope
of side BC = DA.

. |
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N

I)(\ ) ; Ca

foo

i i e
I T B2
2~ Y1

2~ X4

¥
Slope AB =

-(-1)_2+1 _.3 _

Ve o

T TR i T £

Y2.- Vs

SIopeBC
D2 T M
_4-2
1 -(-2)

Slope CDh= y;¢11

" As  Slope AB = D

—1 -y—4
x=1
'-—1(x—1)—( 4) -
~1x+1—3yy—12 !
Ax =3y =-12 -1
_ +1x — 3y = +13
As  Slope BC = DA

2(7 =x) = 3(-1-Y)
14 — 2x =-3 -3y
14 + 3 =2x - 3y
*17 =2x -3y
Adding equations (i) and (ii), we get
3x =30
x=10

Put x = 10 in eq.(ii),

17 =2(10) - 3(y)
17 = 20 - 3y
17 - 20 = -3y

1
"3

(i)
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y =
Thus vertex D = (10, 1).

Q.7.(a) Find the area bounded by the curve y = x3 -

4x and
X-axis. (5)
m) y=x3-4x
' Let y=0
' o= 4 =
X(x2-4)=0
x=0 : X2—4=0
L (x-2)(x+2)=0 ‘
. X=2 -2 _
X=,(0.i2) . E
“Area = Tydx
a
=jl(x3 4x)dx

¢ +2
]i(x3 4x) dx — I (3 — 4x) dx

x:"dx 4 Txdx+fx3dx 4 xdx

-2 0
x“ 2| x4 2t
4424f44?

=0- ['(ﬁ)i - 2(—2)2] - [%?: - 2(2)2] -

=-[%-8]-[ -]
=[4-8]-[4-8]

= —{-4] - [-4]
=4 +4 =8 sq. units.
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-(:bT Minimize z = zx + y subject to the constraints: (_5')_
Xx+y>3, 7Xx+5y <35, x20,y<0

mEquatlon
X+y=3 ' 7x + 5y = 35
«Put. y=0 Put y=0
X=3 . _ 35
. -7
‘ (3!0) x=5
Put x=0 (5, 0)
y=3 Put x=0
(013) 5y=
y=
0+023
0£3

The corner points of the feaS|bIe region (3, 0), (5, 0) (0, 7)
and (0 3) : .

Z=2x+y

Z=2(3)+0

(3 0)

| 2(5 0) 2(5) «0
2(0,7) = 2(0) +7=

Z(0,3)=2(0)+3= 3
‘Z' is minimize at the corner point (0, 3).

Q.8.(a) Find the condition that the line y = mx + ¢ touches

. the circle x2 +y?= aZata single point. (5)
Ansg y =mXx +c
; Putitin X2 +y2=2a’

x2 + (mx + ¢)? = a?
x2 + m2x2 + ¢ + 2mex = a2
x2(1+m?) +2mex+c?-a?=0 (i)
Disc ‘b? - 4ac’ of equation (i), |
= (2mc)? - 4(1 + m?)(c? - a?)

N e ——
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= 4m?c? - 4¢2 (1 + m?) + 4a2 (1 + m?)
= 4m?c? - 4¢? - 4m3c? + 4a® + 4m?a?
= ~4c? + 4a2 + 4m2a?
= 4[-c? +a? (1 + m?)]
Fory = mx + ¢ touches the circle, sb

- 4(-c? _-P a2 (1+m3)=0
~c*+a2(1+m?) =0
c? = a? (1 + m?) ‘Required condition.

(b) Find x so that points A(1, -1, 0), B(-2, 2, 1) and C(0, 2, x)
form triangle with right angle at C. (5)

Afisg A&ﬂOZM (1, -1, 0)
\ = —1 2+1 x-0
-AC——-1|+3]+xk
- BC=(0,2x)-(-2,2,1)
=0 %22 =201
-+2|+OJ+(x—1)k
leenAC_LBC So - AC BC 0o
(i + 3+ xKk). (2!+0j+(X—1)k)—-
= (-1)(2)+3(0)+x(x-1)=0
| X2 -x-2=0

-2X+x=2=0 (X =2)(x + 1)
X(x = 2) +1{x= 2)=0 - X=2; -1

Q9(a) Find the centre, foci, eccentnc:ty, vertlces and

equations of directices ofy— -x2=1, (5)
. As we know
Y2 X2 _
| a? b?
So equation (i) becomes
(y-0) (x-0)?

oTee Tap
Here ~a=2, b=1

centre = (0, 0)
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=(22+ (12 =44+1=5

c=4/5
Eccentricity = e =—g— = le= 3{2-—5-
Focus = (0, £c)
F=0,+4/5
V = (0, £ a)
V= (0, +2)
Equation of directrices y = + 2= + &
| quation of directrices y o = 3@
2
LA
T
(b) Find volume of the tetrahedron with the vertices A(2,
1, 8), B(3, 2, 9), C(2, 1, 4) and D(3, 3, 10). « {5)

B>  AB=(3-2)i+@-1j+©@-8k=i+]+k
AC=(2-2)i+(1-1)j+(4-8)k=0i+0j-4k

AD=(3-2)i+@-1i+(10-8)k=i+2j+2k

, f =h.=F =
Volume of the tetrahedron =g [AB AC AD]
1 1 1 1
=5 0O 0 -4
3 - 2 2
=%[1(0+8)-—-1(0+4)+1(O;0)]
" =2(8-4
1
=142 - 1)
AL_E
"6 3
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